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Instructions:

• Attempt all questions. Justify all your steps clearly. Feel free to use any result proved
in class unless you have been asked to prove the same.

• R denotes a commutative ring with unity. All other notations are standard unless
specified otherwise.

1. (a) Suppose that there exist ideals I1, . . . , In ⊂ R such that
⋂n

i=1 Ii = (0) and each
R/Ii is a Noetherian ring. Prove that R is a Noetherian ring. [10+10]

(b) Let R ⊂ A ⊂ R[X] be commutative rings. Show that if A is Noetherian then so
is R.

2. (a) Prove that (M/IM)⊗R/I (N/IN) ∼= (M ⊗R N)/I(M ⊗R N). [10+10]

(b) Let A and B be commutative R-algebras. If A is a finitely generated R-algebra,
then show that A ⊗R B is a finitely generated B-algebra. If both A and B are
finitely generated over R, then prove that A ⊗R B is finitely generated as an
R-algebra.

3. Let P be a projective R-module. [10+10]

(a) If P is finitely generated R-module, then show that HomR(P,R) is a projective
R-module.

(b) Prove that there exists a free R-module F such that P ⊕ F is free.

4. Examine whether Q is (i) finitely generated as a Z-module; (ii) decomposable as a
Z-module; (iii) projective as Z-module. [5+5+10]

5. (a) Let R be a ring such that for every element a ∈ R, there exists an integer na ≥ 0
such that ana = a. Prove that every prime ideal of R is maximal. [10+10]

(b) Prove that if I is an ideal of a Noetherian ring, then (
√
I)n ⊂ I for some n ≥ 1.

1


